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Introduction. Since the discovery of the quantum Hall effect in 1980, topology has become a cornerstone in the understanding of condensed matter systems [1] . Connecting concepts drawn from topology to electronic systems has led to the discovery of a plethora of new phenomena such as the quantum anomalous Hall [2] and quantum spin Hall effects [3] , and new materials, including, but not limited to, Weyl semimetals [4] , topological superconductors [5] and topological insulators [6] . One of the most fascinating aspects of topology is the bulk-boundary correspondence [7] , in which bulk system properties predict the existence of topologically protected modes localized at the boundary between topologically trivial and nontrivial systems. Due to their robustness with respect to environmental perturbations, topologically protected gapless edge excitations have been proposed as platforms for a wide range of potential applications, spanning from electric circuits to quantum computation [8] . Topological phases of matter have been considered in systems other than electronic ones such as ultracold atoms [9] , photonic crystals [10] , and mechanical systems [11] .
Topological bands for magnons, i.e. linear excitations of magnetic systems, have been considered [12] , however this direction of research remains relatively unexplored. This is in part because magnon number is not conserved due to ubiquitous spin nonconserving interactions of magnons with the crystalline lattice [13] . Con-ventional descriptions of topological phases rely on Her- mitian Hamiltonians, which describe systems where the particle number is conserved. The recent introduction of topological classifications for non-Hermitian Hamiltonians opens up new prospects for realizing nontrivial topological phases in intrinsically dissipative systems [14, 15] . While a complete theoretical background it is still missing, recent experimental developments have shown that topologically protected edge modes can appear even when number conservation is violated [16] .
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In this Letter, we propose a non-Hermitian topological magnonic system. We consider a one-dimensional (1D) array of spin-torque oscillators (STOs) [17] , which are current-driven magnetic nanopillars, as illustrated in Fig. 1 . We show that, in the linear regime, such an array is a magnonic realization of a non-Hermitian Su-Schrieffer-Heeger (SSH) model with Parity-Time (PT) symmetry or chiral-inversion (CI) symmetry [18] [19] [20] , where different symmetry classes are accessed by changing experimentally controllable parameters. The crucial ingredients of our proposed setup are the injection of spin current into the magnets, which counteracts and may even overcome damping, and dissipative coupling of STOs via spin pumping. Using exact diagonalization and numerical solutions of the nonlinear equations describing magnetization dynamics, we find that this system displays a robust topological phase where a single STO at the edge is driven into auto-oscillation while the bulk remains inactive.
Model. We consider a one-dimensional array of 2N STOs arranged in N unit cells, as shown in Fig. 1 . The ith unit cell consists of two STOs, labelled STO A,i and STO B,i , and two metallic spacers coupling the intracell and intercell STO elements, denoted MS 1,i and MS 2,i , respectively. The dynamics of the magnetic order parameter m η,i (with η = A, B) of an isolated spin-torque oscillator STO η,i subject to a magnetic field H 0 = H 0ẑ and a spin current (in units of frequency) J sη,i = J sη,iẑ is [21] 
Here, ω η,i = γ η,i (H 0 − 4πM η,i ) is the ferromagnetic resonance frequency, with γ η,i the gyromagnetic ratio, M η,i the saturation magnetization, and α η,i 1 is the (dimensionless) Gilbert damping parameter. The second and third terms on the right-hand side of Eq. (1) are, respectively, the dissipative torque accounting for energy dissipation [22] and the Slonczewski-Berger spintransfer torque describing interaction of the magnetic order parameter with the spin-polarized current [23] . In our proposed set-up, the spin transfer torque acts as a dissipative process that counteracts the intrinsic dissipation and thus provides tuneable gain. Metallic spacers can mediate both reactive and dissipative coupling between STOs. For the reactive coupling, we consider a RKKY-type exchange whose strength is parametrized by the frequency J i (J i ) for the spacer MS 1,i (MS 2,i ). In our convention, J i (J i ) > 0 corresponds to a ferromagnetic exchange coupling. The dissipative coupling is mediated by spin pumping through the spacer MS 1,i (MS 2,i ) [24] ; its efficiency is parametrized by the dimensionless parameter G i (G i ) 1, which is microscopically related to the spin-mixing conductance of the oscillator|metallic spacer interface [25] . Assuming a nearest-neighbor coupling, the coupled dynamics introduced via the metallic spacers reads aṡ
whereG 1(N ) =J 1(N ) = 0. The sum of Eqs. (1) and (2) determines the full system dynamics. In the following, we consider identical unit cells and drop the parameter dependence on index i. We assume that the magnetic field is large enough to order the magnets along its direction, and proceed to linearize Eqs. (1) and (2) around the equilibrium direction of the magnetic order parameter. That is, we write m η,i = (m η,ix , m η,iy , 1), with |m η,i | 1. Next, we introduce the complex variable 2m − η,i = m η,ix −im η,iy and invoke the Holstein-Primakoff transformation [26] Assuming the local damping to be much larger than the nonlocal one,G, G α η , the linearized dynamics that follows from Eqs. (1)-(2) corresponds to a non-Hermitian SSH model with complex onsite potentials and complex intercell and intracell couplings. For identical STOs on the A and B sublattices we have ω η ≡ ω and α η ≡ α. The corresponding Hamiltonian is H = N i=1 H i , with H i the Hamiltonian for the ith unit cell, which reads
for i = 1, N , with open boundary conditions
with j = 1, N and l = 2, N − 1. Equations (3)-(4) con- stitute our starting point for exact diagonalization.
Results. The effective Hamiltonian in Eqs. (3)-(4) is a realization of a non-Hermitian SSH chain with many tunable features affecting its symmetries. We investigate the topology as a function of J/J, which can be experimentally controlled by tuning the length of the metallic spacers. Here, we consider the case where spin current is injected only at the A sites, setting J sA = J s and J sB = 0. Importantly, H does not exhibit the non-Hermitian skin effect and therefore analysis of its topology based on periodic boundary conditions is valid [14, 20, 27] . The Fourier transform of Eq. (3) for periodic boundary conditions is
where I is the 2 × 2 identity matrix, σ = (σ x , σ y , σ z ) is the vector of Pauli matrices, d k = (d xk , d yk , d zk ) ∈ C is a vector of complex functions of momentum k and d 0k ∈ R is a real function of k. The energy spectrum is
where
Here, d 0k = (J s − 2αω)/2 and
E ± k has a real line gap where Re[E ± k ] = 0 ∀ k provided that d 2 1k > d 2 2k ∀ k. Systems with a real line gap can have topogically nontrivial phases depending on their symmetry class [14, 15, 27] . Furthermore, since this model includes only short-range hopping, the condition for a topological phase transition can be formulated as in Ref. [27] . We use the symmetry naming conventions of Ref. [14] . We consider four different cases, corresponding to the i) PT symmetric case, ii,iii) two different types of breaking of PT symmetry and iv) a combination of both symmetry-breaking terms.
i) For J s = J * s = 2αω and negligible dissipative couplings, G,G = 0, H k is PT symmetric with σ x H * k σ x = H k . This system is a well-known host of two topologically protected edge modes with ImE = ±2αω for |J| < |J|, and it has a real line gap for |J −J| > αω [19] . The mode with positive (negative) imaginary energy, i.e., the lasing (lossy) edge mode, corresponds physically to a magnon population that grows (decays) exponentially in time at the left (right) edge. The PT-symmetric model has generated much interest and has been experimentally realized in photonic systems and microresonators [14, 16] .
ii) For J s = J * s and G(G) = 0, Eq. (5) obeys chiralinversion (CI) symmetry σ y H k σ y = −H −k . CI symmetric models have nontrivial topological phases [20] . The bulk real gap is open for |J −J| > ω √ δG 2 + α 2 , with δG = G −G, and the condition for two topologically protected edge modes is modified to |J − iGω| < |J − iGω|.
iii) Deviations of J s from J * s with G,G = 0 preserve chiral symmetry (CS) defined as σ z H † σ z = −H k . In this case there is a real gap for |J −J| > J s /2 and exhibits a topological phase with two protected edge modes for |J| < |J|.
iv) Including both G(G) = 0 and J s = J * s breaks CI and CS symmetries. The Hamiltonian maintains TRS † symmetry defined as H T (k) = H(−k) and has a real gap for |J −J| > δG 2 ω 2 + (J s /2) 2 ; however, TRS † alone does not guarantee topologically protected phases in 1D [14] .
This analysis shows that with dissipative coupling or injected spin current J s = J * s the model still has a topologically nontrivial phase. Furthermore, only the difference δG affects the topological transition and bulk gap closing. Thus, for the parameter regime G,G α and G ≈G, in practice resulting from choosing the metallic spacers to be good spin sinks, the edge modes are quite robust. Including both PT symmetry breaking terms may compromise the topological protection as PT, CS, and CI symmetries are all broken. We find numerically that localized edge modes are still present for J s = J * s and G,G = 0.1α, but these modes may not be topologically protected [14] .
The complex frequency spectrum E that results from exact diagonalization of Eqs. (3)-(4) is presented in Fig. 2 for all cases discussed above. For weak dissipative coupling G,G α and ∼ 20% deviations of J s from the PT symmetric value J * s we always find a real line gap for |J| |J|, shown in Fig. 2 (a)-(d) , and a lasing edge mode with ImE > 0 shown in Fig. 2 (e)-(h). The lasing mode is well separated from the imaginary spectrum of bulk states.
Numerical solutions. To investigate the nonlinear dynamics of the STO array, and, in particular, how nonlinearities affect the growth of the lasing edge modes, we solve Eqs. (1)-(2) numerically. We parametrize the magnetization direction by the power 0 < p η,i (t) < 1, propor- tional to the experimentally emitted microwave power, and a precession angle φ η,i (t) as
The initial value of φ η,i (t = 0) is taken to be a random number between 0 and 2π and the initial power p η,i (t = 0) is drawn from a thermal equilibrium distribution for an ensemble of isolated STOs [21] ,
where k B is the Boltzmann constant, T the temperature, and N s the number of spins in each STO. We take 2k B T /N s ω = 10 −4 and α = 10 −2 for typical materials used for spin-torque experiments at room temperature [21] . In Fig. 3 we show the numerical results for the power of all oscillators forJ = −0.025/4πγM , ω/4πγM = 0.5, J/J = 0.5, and J s = J * s , which corresponds to the PT symmetric case of one lasing edge mode.
We find that, after some time, the power of the oscillator on the right edge grows and eventually saturates while the other oscillators have negligible power at all times. The power saturation level of the oscillator at the edge is, because of the small couplings J andJ, well approximated by the steady-state power of a single oscillator as found from Eq. (1) (see Ref. [21] ), denoted by a dashed line in Fig. 3 . Our numerical results therefore confirm the presence of a lasing edge mode, which manifests as a topologically protected auto-oscillation of the oscillator at the edge. While we find from our numerical solutions that the dynamics outside the regime of one topologically-protected lasing edge mode is interesting, it is also non-universal. For example, often several (but not all) oscillators reach a steady state at nonzero power, but which oscillators reach nonzero power strongly depends on the initial conditions. We consider an exhaustive study of the nonlinear dynamics of the proposed system beyond the scope of this article.
Discussion. In this work, we classified the topology of an intrinsically dissipative magnetic system. We establish a mapping between the linearized magnetic dynamics of a 1D array of STOs and a non-Hermitian SSH model. We find that topologically nontrivial phases can be accessed by tuning both the spin current injection and the properties of the metallic spacers connecting the STOs. The topological phases support a topologically protected lasing edge mode, which manifests as a single edge STO emitting a microwave signal while the bulk STOs are not active. Our results show that the topologically-protected edge mode is robust against deviations of the spin current from the PT symmetric value and robust against dissipative coupling between STOs.
The emergence and position of the lasing edge mode is controlled via spin current injection. The location of the lasing edge switches sides upon changing spincurrent injection from A to B sublattice sites, thereby opening up prospects for building tunable and robust spin-wave waveguides and neuromorphic networks [28] . Future work should address the effects of long-range intercell and intracell couplings, the effects of drives and coupled dynamics [29] , and the non-Hermitian topology of magnetic systems in higher dimensions [30] .
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